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Abstract
Bruckner proved that with exception of a set of first category, all other points of any second category set having Baire property
in the Euclidean plane are points of directional linear categorical density of the set in almost all directions in the sense of category.
In this article, we investigate this result of Bruckner in relation to sets not necessarily having Baire property and with respect to a
more general definition of directional linear categorical density frammed after the pattern originally introduced by Wilczyn´ski for
linear categorical density.
c⃝ 2016 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction and results
Throughout this paper, we use some standard notations such as
Rn(n ≥ 1) for the Euclidean n-space (n > 1) and R for the Real line.
A \ B for the difference, A∆B for the symmetric difference of sets A and B and χA for the characteristic function
of A
S(x; r) for the open sphere in Rn with centre at x and radius r > 0.
ω1 for the first uncountable ordinal, and
E
y
for the y-section of any set E ⊆ X × Y , where X, Y are any two sets and X × Y represents their Cartesian
product.
We also utilize the standard definition of Baire property of a set in any topological space X as introduced in [3].
Apart from these, we further define E to be c-thick in F , if B ⊆ F \ E(E ⊆ F) and B having Baire-property
implies that B is a set of first category; c-contained in F , c-disjoint from F if B ⊆ E \ F , B ⊆ E ∩ F and B having
Baire property implies that B is a set of first category.
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For ‘Ec-contained in F’ and ‘Ec-disjoint from F’ we use symbols E ⊆
c
F and E ∩c F = ∅ respectively.
Bruckner and Rosenfeld [1] proved that given any measurable set M of positive Lebesgue measure inR2, almost all
points of M are its points of directional linear metric density in almost all directions. More explicitly speaking, there
is a small (in the sense of measure) exceptional set such that each point (x, y) in M and not belonging to this set is a
one-dimensional metric density point in all but a small (in the sense of measure) set of directions. Later Bruckner [2]
showed that the above mentioned result has an analogue for Baire category. He proved that if B is a second category
set having Baire property in R2, then there is a small exceptional set (small in the sense of category) such that each
point (x, y) in B and not in this set is a directional linear categorical density point in all but a small (in the sense of
category) set of directions.
In defining ‘directional linear categorical density’, Bruckner made use of the notion of linear categorical density
as introduced in [2]. But Wilczyn´ski later pointed out that this classical definition of linear categorical density cannot
be regarded as an exact analogue of the definition of linear metric density. In [4], using the idea Riesz convergence
theorem (which describes convergence in measure without using measure), he introduced the notion of I-density point
of any linear set A ∈ S where S is the σ -algebra of the sets having Baire property I is the σ -ideal of first category sets
in R. In defining point of directional linear categorical density of a set in Rn , we utilize this approach of Wilczyn´ski
with the only exception that here we do not assume the sets to possess the property of Baire.
LetΛ
(n)
denote the set of all directions inRn , i.e.Λ(n) = {y = (y1, y2, . . . , yn) ∈ Rn : ∥y∥ = 1} (where ∥.∥ denotes
the usual norm in Rn). Let Rn+ = {x = (x1, x2, . . . , xn) ∈ Rn : xn > 0}, Rn− = {x = (x1, x2, . . . , xn) ∈ Rn : xn < 0},
Λ
(n)
+ = {y = (y1, y2, . . . , yn) ∈ Λ(n) : yn > 0} i.e. Λ(n)− = {y = (y1, y2, . . . , yn) ∈ Λ(n) : yn < 0} and write L (y)0
to represent the straight line in Rn passing through the origin such that the half line (or, the half ray) L (y)0 ∩ Rn+ has
direction y ∈ Λ(n)+ . Now upon setting L (y)01 = L
(y)
0
∩ S(0; 1), we define
Definition 1.1. A point x ∈ Rn as a point of directional linear categorical density of a set A ⊆ Rn in the direction
y ∈ Λ(n)+ if for every increasing sequence {t j } j (t j ∈ R, t j > 0) tending to infinity, there exists a subsequence {t j
k
}k
such that χ
t j
k
(A−x)∩L(y)
01
−→ χ
L
(y)
01
a.e. (category) which means that the set {z ∈ L (y)
01
: χ
t j
k
(A−x)∩L(y)
01
(z) ↛ χ
L
(y)
01
(z)}
is a set of first category in L
(y)
01
. Equivalently, L
(y)
01
\ lim inf j→∞ t j (A − x) ∩ L (y)01 is a set of first category in L
(y)
01
.
Based on the above definition, we write
A
∗
c
= {x ∈ Rn : x is a point of directional linear categorical density of A in almost all directions}. Here almost all
is meant in the sense of category or in the topological sense. In other words,
A
∗
c
= {x ∈ Rn : there exists a set Λx ⊆ Λ(n)+ which is residual in Λ(n)+ such that x is a point of directional linear
categorical density of A in the direction y for every y ∈ Λx }.
Here we call a set E ⊆ F residual in F if F \ E is a set of first category. The following definition expresses A∗
c
is
a little more generalized form.
Definition 1.2. A˜
∗
c
= {x ∈ Rn : there exists a set Λx ⊆ Λ(n)+ which is c-thick in Λ(n)+ such that x is a point of
directional linear categorical density of A in the direction y for every y ∈ Λx }.
However, based on the above definition of A
∗
c
, we now state and prove a variant formulation of Bruckner’s theorem
applicable for all sets in Rn .
Theorem 1.3. Let A ⊆ Rn . Then for every subset B of A having the Baire property, B ⊆
c
A
∗
c
and for every subset B
of Rn \ A having Baire property, B ∩c A∗c = ∅. Thus, every subset of A having Baire property is c-contained in A
∗
c
,
and every subset of Rn disjoint from A is c-disjoint from A∗
c
.
Lemma 1.4. Let B be any second category set having Baire property in Rn . Then B \ B∗
c
is a set of first category.
Proof. According to the hypothesis, we may write B = G∆P where G(≠∅) is open and P is a set of first category.
Now to prove the lemma, it is sufficient to establish that G \ P ⊆ B∗
c
. Let x ∈ G \ P and {t j } j (t j ∈ R, t j > 0) be an
arbitrary increasing sequence tending to infinity. Now consider the mappings
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τ1 : (0,∞)× Λ(n)+ −→ Rn+ defined by
x1 = r y1
x2 = r y2
...
xn = r+

1− y21 − y22 − · · · − y2n−1
and τ2 : (0,∞)× Λ(n)− −→ Rn− defined by
x1 = r y1
x2 = r y2
...
xn = r−

1− y21 − y22 − · · · − y2n−1.
Since both of these mappings are homeomorphisms and (P − x) ∩Rn+ ∩ S(0; 1), (P − x) ∩Rn− ∩ S(0; 1) are sets
of first categories in Rn+, Rn−, so are the sets τ
−1
1
((P − x) ∩ Rn+ ∩ S(0; 1)), τ−12 ((P − x) ∩ Rn− ∩ S(0; 1)) sets of first
categories in the product topological spaces (0,∞)×Λ(n)+ and (0,∞)×Λ(n)− . Similarly, τ−11 ((G− x)∩Rn+ ∩ S(0; 1)),
τ
−1
2
((G − x)∩Rn− ∩ S(0; 1)) are also open sets in the product spaces (0,∞)×Λ(n)+ , (0,∞)×Λ(n)− respectively. So by
Kuratowski–Ulam theorem, there exist sets Λ+ ⊆ Λ(n)+ , Λ− ⊆ Λ(n)− such that Λ+ , Λ− are residual in Λ(n)+ , Λ(n)− and for
every y ∈ Λ+ (resp, y ∈ Λ−), (τ−11 {
∞
k=1

j≥k t j (P − x) ∩ S(0; 1) ∩ Rn+})y (resp, (τ
−1
2 {
∞
k=1

j≥k t j (P − x) ∩
S(0; 1) ∩ Rn−})y ) are first category sets in (0,∞).
But τ1[(τ−11 {
∞
k=1

j≥k t j (P − x) ∩ S(0; 1) ∩ Rn+})y ] =
∞
k=1

j≥k t j (P − x) ∩ Rn+ ∩ L (y)01 for y ∈ Λ+
and τ2[(τ−12 {
∞
k=1

j≥k t j (P − x) ∩ S(0; 1) ∩ Rn−})y ] =
∞
k=1

j≥k t j (P − x) ∩ Rn− ∩ L (−y)01 for y ∈ Λ−.
Again, because for some m, S(0; 1t j ) ⊆ G − x for all j ≥ m,
so (τ
−1
1 {
∞
k=1

j≥k{S(0; 1) ∩ Rn+ \ t j (G − x) ∩ S(0; 1) ∩ Rn+}})y = ∅ for every y ∈ Λ(n)+
and (τ
−1
2 {
∞
k=1

j≥k{S(0; 1) ∩ Rn− \ t j (G − x) ∩ S(0; 1) ∩ Rn−}})y = ∅ for every y ∈ Λ(n)− .
Therefore, L
(y)
01
∩ Rn+ \
∞
k=1

j≥k t j (G − x) ∩ Rn+ ∩ L (y)01 = τ1[(τ
−1
1 {
∞
k=1

j≥k{S(0; 1) ∩ Rn+ \ t j (G − x) ∩
S(0; 1) ∩ Rn+}})y ] = ∅ for y ∈ Λ(n)+
and L
(−y)
01
∩Rn− \
∞
k=1

j≥k t j (G− x)∩Rn−∩ L (−y)01 = τ2[(τ
−1
2 {
∞
k=1

j≥k{S(0; 1)∩Rn− \ t j (G− x) ∩ S(0; 1)∩
Rn−}})y ] = ∅ for y ∈ Λ(n)− .
Now upon setting Λx = {y ∈ Λ+ : −y ∈ Λ−}, we derive that
L
(y)
01
∩ Rn+\lim inf j→∞ t j (B−x)∩L (y)01 ∩Rn+ ⊆
∞
k=1

j≥k{L (y)01 ∩Rn+\t j (G−x)∩Rn+∩L
(y)
01
}{∞k=1 j≥k t j (P−
x) ∩ Rn+ ∩ L (y)01 } is a set of first category in L
(y)
01
∩ Rn+ and likewise
L
(y)
01
∩Rn−\lim inf j→∞ t j (B−x)∩L (y)01 ∩Rn− ⊆
∞
k=1

j≥k{L (y)01 ∩Rn−\t j (G−x)∩Rn−∩L
(y)
01
}{∞k=1 j≥k t j (P−
x) ∩ Rn− ∩ L (y)01 } is a set of first category in L
(y)
01
∩ Rn− for every y ∈ Λx where Λx is residual in Λ(n)+ .
Finally, for every y ∈ Λx , L (y)01 \ lim inf j→∞ t j (B − x) ∩ L
(y)
01
as a set of first category in L
(y)
01
. Hence G \ P ⊆ B∗
c
.
This proves the lemma.
Proof of the Theorem 1.3. Let B ⊆ A and B possesses the Baire property. If B is a set of first category, there is
nothing to prove. Otherwise if B is of second category, then by preceding lemma B \ B∗c is a set of first category.
Again as B
∗
c ⊆ A∗c , therefore B ⊆c A
∗
c .
Again, let B ∩ A = ∅ and B possesses the property of Baire. If B is of first category, there is nothing to prove.
Otherwise, let B be of second category, and suppose that there is a set C of second category having Baire property
such that C ⊆ B ∩ A∗c . But C ⊆c (Rn \ A)
∗
c by the preceding lemma. So there is a point x ∈ A∗c ∩ (Rn \ A)∗c
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which means that there exists a set Λx residual in Λ
(n)
+ such that both the sets L
(y)
01
\ lim inf j→∞ t j (A − x) ∩ L (y)01 and
L
(y)
01
\ lim inf j→∞ t j ((Rn \ A)− x) ∩ L (y)01 are sets of first category for every y ∈ Λx . But this is a contradiction.
Hence the theorem.
As a direct consequence of Theorem 1.3, we obtain the following corollary.
Corollary 1.5. Let A ⊆ Rn . Then no second category subset of A∆A∗c having Baire property can exist which can be
expressed as B = B1 ∪ B2, where B1 ⊆ A \ A∗c , B2 ⊆ A∗c \ A and both have the property of Baire.
Definition 1.6. A partition {A, B} of Rn by disjoint nonempty sets is called c-admissible if both A and B are c-thick
in Rn . A set which together with its complement in Rn forms a c-admissible partition of Rn is called c-saturated.
Theorem 1.3 (and therefore of Corollary 1.5) is trivially valid for sets that are c-saturated. But unlike that of
Bruckner’s theorem (which states that A∆A
∗
c is a set of first category whenever A possesses the property of Baire),
Theorem 1.3 has little to say regarding the nature of A∆A
∗
c , for in fact for sets lacking the property of Baire, the nature
of A∆A
∗
c can be quite bizarre. Below we give two examples showing that there exist sets E in R2 for which E
∗
c (resp.
E˜∗c ) can be c-thick and E∆E
∗
c (resp. E∆E˜
∗
c ) may be c-saturated as well.
Example 1.7. In [3] (Theorem 15.5, Ch15), Oxtoby showed that there exists a set in R2 which meets every second
category Gδ set and no three points of which are collinear. Denoting the complement of this set by E , it is easy to
verify that E
∗
c = R2 and E∆E∗c = R2 \ E . Thus E∗c is a trivially c-thick and E∆E˜∗c is c-saturated in R2.
Example 1.8. Assuming continuum hypothesis, let us arrange the class of second category Gδ sets inR2 in the form of
a well ordering {Fα : α < ω1}. Without any loss of generality, we may assume that each of the families {Fα : α is even}
and {Fα : α is odd} consists of all sets belonging to the entire collection {Fα : α < ω1}. Let {Ωα : α < ω1} be
a well ordering of all second category Gδ sets in [0, π). We now choose a point p0 ∈ F0 , directions θ (0)0 ∈ Ω0 ,
θ
(0)
1
∈ Ω1 \ {θ (0)0 } and straight lines Lθ
(0)
0
p0
, Lθ
(0)
1
p0
through p0 in the directions θ
(0)
0
, θ
(0)
1
such that the sets F0 ∩ Lθ
(0)
0
p0
,
F0∩Lθ
(0)
1
p0
are of second category and a point t
(0)
θ
(0)
0
,p0
(≠p0) ∈ F0∩Lθ
(0)
0
p0
. Next we choose a point p1 ∈ F1 \Lθ
(0)
0
p0
∪Lθ
(0)
1
p0
,
a direction θ
(1)
1
∈ Ω1 \ {θ (0)0 , θ
(0)
1
}, a straight line Lθ
(1)
1
p1
through p1 in the direction θ
(1)
1
which does not pass through
p0 , t
(0)
θ
(0)
0
,p0
and for which F1 ∩ Lθ
(1)
1
p1
is a set of second category, and also choose points t
(1)
θ
(0)
0
,p0
(≠p0) ∈ F0 ∩ Lθ
(0)
0
p0
,
t
(1)
θ
(0)
1
,p0
(≠p0) ∈ F0 ∩ Lθ
(0)
1
p0
and t
(1)
θ
(1)
1
,p1
(≠p1) ∈ F1 ∩ Lθ
(1)
1
p1
such that t
(1)
θ
(0)
0
,p0
∉ Lθ
(0)
0
p0
∩ Lθ
(1)
1
p1
, t
(1)
θ
(0)
1
,p0
∉ Lθ
(0)
1
p0
∩ Lθ
(1)
1
p1
and
t
(1)
θ
(1)
1
,p1
∉ Lθ
(0)
0
p0
∩ Lθ
(1)
1
p1
, Lθ
(0)
1
p0
∩ Lθ
(1)
1
p1
.
Thus each of the points lies on exactly one straight line and all the above choices are possible because of
Theorem 1.3 and by virtue of some elementary properties of countable sets.
Now suppose that for any ordinal α < ω1 , we have already selected points pβ ∈ Fβ , lines Lθ
(β)
γ
pβ
through pβ in
the direction θ
(β)
γ
for β < α and β ≤ γ < α such that the sets Fβ ∩ Lθ
(β)
γ
pβ
are of second category and also points
t
(δ)
θ
(β)
γ
,pβ
∈ Fβ ∩ Lθ
(β)
γ
pβ
for γ ≤ δ < α such that the points pβ , t (δ)
θ
(β)
γ
,pβ
lie on exactly one straight line in the entire
collection {Lθ
(β)
γ
pβ
: 0 ≤ β < α, β ≤ γ < α}. Since we assume continuum hypothesis, so on account of similar
reasonings as referred to in the previous paragraph, we may now select directions θ
(β)
α
∈ Ωα \

0≤ξ<β

ξ≤γ≤α{θ (ξ)γ },
straight lines Lθ
(β)
α
pβ
through pβ in the direction θ
(β)
α
such that the set Fβ ∩Lθ
(β)
α
pβ
is of second category and Lθ
(β)
α
pβ
does not
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pass through any point pξ , t
(δ)
θ
(ξ)
γ
,pξ
for 0 ≤ ξ < α, ξ ≤ γ < α and γ ≤ δ < α where ξ ≠ β. Further, we select a point
pα ∈ Fα \

0≤β<α

β≤γ≤α L
θ
(β)
γ
pβ
, a direction θ
(α)
α
∈ Ωα \

0≤β<α

β≤γ≤α θ
(β)
γ
, a straight line Lθ
(α)
α
pα
through pα in
the direction θ
(α)
α
such that the set Fα ∩ Lθ
(α)
α
pα
is of second category and points t
(α)
θ
(β)
γ
,pβ
∈ Fβ ∩ Lθ
(β)
γ
pβ
for 0 ≤ β ≤ γ ≤ α
such that each point lies on exactly one straight line in the entire collection.
Now as any straight line L
θ
p
through some point p in the direction θ can be rotated clockwise with p as fixed so
that it becomes parallel to the x-axis and then properly translated so that it coincides with the x-axis with p as the
origin, each such straight line can be identified with the real line and every point on it with the corresponding real
number. This facilitates choosing points t
(α)
θ
(β)
γ
,pβ
on the line Lθ
(β)
γ
pβ
according to the following rule:
t
(α)
θ
(β)
γ
,pβ
∈ Lθ
(β)
γ
pβ
\ {r−1
η
rσ t
(δ)
θ
(β)
γ
,pβ
: γ ≤ η, σ ≤ α} where R = {rα : 0 ≤ α < ω1} can be considered as a well
ordering of the set of all real numbers. We now set E = {R2 \ {pβ , t (α)
θ
(β)
γ
,pβ
: 0 ≤ α < ω1 , β ≤ γ < ω1 , γ ≤ α <
ω1}} ∪ {pβ : β is even}. Then E is c-saturated and hence without the property of Baire. Moreover, it is easy to see that
E˜∗
c
is c-thick and E △ E˜∗
c
is c-saturated.
Remark 1.9. In proving the categorical directional density theorem, Bruckner [2] used Kuratowski–Ulam theorem
(a category analogue of Luzin’s theorem) in the product space B × [0, π), where B is a set with Baire property
in R2. But this technique of Bruckner is not applicable in the present situation, because in framming the definition
of directional linear categorical density point in Rn , we have used the approach of Wilczyn´sky instead of using the
classical definition as given in [2]. This is the reason why we use here the Kuratowski–Ulam theorem separately in
the product spaces (0,∞) × Λ(n)+ , (0,∞) × Λ(n)− and also the homeomorphisms τ1 and τ2 . However, we are not sure
whether our process could be replicated in the measure theoretic case.
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